23.2

1. Problem Evaluate the following by expressing them in terms of real line integrals and then evaluating
those integrals.

(a) Jo |2|> dz, where C is a straight line from z = 0 to z = 1 +i.

(d) [, dz/z, where C consists of three straight-line segments: from z =1 to z =1 —4, from z =1 —1i to
z=—1—1, and then from z = -1 —i to z = —1

(f) Jo (Re z)dz, where C is a clockwise quarter circle from z = 3i to z = 3 centered at z = 0.
(2) Jo (Im z)dz, where C is a straight line from z =i to z = 2 + 2i.

Solution
(a) Note that this is a path-dependent integral.

/|z|2dz = /(a:2 + %) (dx + idy),

where z = y and dx = dy so

1 .
2(1
I:/ 20%(1 + i)dy = 220
0 3
(d) The integral path can be modified to the one along a semicircle of |z2| = 1 from § = 0 to § = —«
(clockwise) as one can choose a closed loop that contains z =1 and z = —1 but not z = 0 (singular point of
1/z) so that f(z) = 1/z is analytic on and inside such a loop. Thus,
1 .
/ Zdz = [z (1)
z
= In(e™™) —1Inl (2)
= —m—0 (3)
= |—mi| (4)

Note that this integral is independent on the integral path.

(f) This integral is path-dependent as
f(z)=Rz=(2+2)/2

is NOT analytic !. Along the path, one can set

z = 3¢ (5)
dz = 3ie'do (6)
x = 3cosb (7)

SO

0
/ o(dz +idy) = / (3 cos 0)(3ic™)d (8)
C T

/2
0
= Qi/ cos (cos 6 + isin 0)do 9)
/2
- Im 9 (10)

4 2



(¢) This is a path dependent integral as f(z) = y is not analytic. Along the path from 2z =i to z = 2 4 2i
one can set

r = 2 (11)
= 14+t 0<t<1 (12)
so that
z = x4y (13)
= 2t+ (141)i (14)
= i+ (240 (15)
and
dz = (2+4)dt (16)
o

/y(dx-i—idy) = /1(1+t)(2+i)dt (17)
c 0

= g(ZJri). (18)

I:/Zdz,
c

where the initial and final points of C are z = 0 and z = 1 + 4, respectively. Show that the integral is path
independent by choosing two different paths and obtaining different values for 1.

Solution

Since Z is not analytic (see your class note for why), its integral is path-dependent.

2. Consider

23.3

1.Problem According to Example 2,
dz

=~ _ 19
E (19)
where C is a counterclockwise circle of radius R, centered at the origin. Yet f(z) = 1/22 is not analytic
within C, it is singular at z = 0. Explain why this result does not violate Cauchy’s theorem.

Solution

Cauchy’s theorem is a sufficient but NOT necessary condition for

jif(z)dz =0.

i.e. the contour integral being 0 does not necessary imply that the function, f(z), is regular on and inside
the contour although the converse is true (Cauchy’s theorem !).

2.Problem Consider I = fc dz/z, where C is the counterclockwise unit circle, and the assertion that
I = 0, from Cauchy’s theorem, because f(z) = 1/z is analytic in the domain D containing C. (See the
accompanying figure.) Yet we show in Example 2 that I = 27i. Explain the apparent contradiction.
Solution

Note that the domain D is not singly-connected (there is a hole) so Cauchy’s theorem does not apply.



4.Problem Let C, C3, C3 be the following simple closed curves:

(4 : |z| = 1, counterclockwise

Cy 1 |z| =1, clockwise

Cj5 : thesquarewithverticesatl — 4,1 4+ 4, —1 + 4, —1 — 7, counterclockwise.

Evaluate each of the following integrals using Cauchy’s theorem if applicable and partial fractions if necessary.

) Jo, Re 2dz

ng 22-3 3

fCQ z( z+5

dz
C3 |z

Solution
(a) Along C1, one can set z = ¢, dz = ie"?df, 0 < § < 27, x = cos § and y = sin . So

2m 2m
/ cos 0ie?dd = z/ cos 6(cos 0 + isin 0)dl (20)
0 0
= i (21)
(d) Note that both of the singular points, z = v/3 and z = —/3, are outside the contour, C3 so /=0.

(g) Partial fraction of 1/(2%2+5z) is (1/2—1/(2+5))/5 so z = 0 is the only singular point inside Cy. Thereby,

]{ dz _ 1]{ %_lj{ dz (22)
C2Z(Z+5) 5 Cs z 5 sz+5

= —?.—o (23)
= :%. (24)

(j) From —1—ito 1 —4, y = —1,dy = 0 and x varies from -1 to 1 so
z_/ x
z| i VIZ T
From1—ito1l+4, x=1,dr=0 and y varies from -1 to 1 so

\z| / m'

From 1+ito -1+, y=1,dy =0 and y varies from 1 to -1 so

IZ/x/aT

From —144to —1—4, x = —1,dx = 0 and y varies from 1 to -1 so

|z|/¢yT

Adding the four integrals above amounts to @ (not because of Cauchy’s theorem !!)



5.Problem Can we use path deformation to obtain

/Zdz:/ zdz, (25)
Cg Cl

where C7 and C3 are defined in Exercise 4 7 Explain.
Solution
The formula,

f(2)dz= ¢ [f(z)dz (26)
Cl C2
is true if f(z) has isolated singular points. Z is singular everywhere except for z = 0. So this is NOT TRUE.

Here is a direct approach.

Along Ci:
r=cosf, y=sinb
SO
der = —sin 0, dy = cos 0
2m
7{(:5 —iy)(dz + idy) = ]{(cos 0 —isin 6)(—sin 6 + i cos 0)df = / idf = 2mi.
0
Along Cs:

1. romz=-1—-itoz=1—4,y=—1, dy =0, z varies from -1 to 1. So

1
/Zdz = / (x4 i)dz = 2i.
-1

2. Fromz=1—itoz=14+4,x=1, dzr=0,y varies from -1 to 1. So

1
/Edz = / (1 —dy)idy = 2i.
—1

3. Fromz=1+itoz=—-1+4,y=1, dy=0,x varies from 1 to -1. so

-1
/Zdz = / (x —1)idx = 2i.
1

4. From z=—-14+itoz=—-1—4, x=—1, dxr =0,y varies from 1 to -1. so

~1
/Zdz = / (=1 —iy)idy = 2i.
1
j{ zZdz = 8i.
Cs

6.Problem Evaluate fc 220dz, where C is the path

So

(a) y=r—2*fromz=0toz =1



Solution
(a) As 2?2V is analytic, its integration is independent of the path. Thereby, take the straight line from (0,0)

to (1,0) instead of the given curve.
1
1
/ 220dz :/ 220dr = —.
c 0 21

8. Problem (Path deformation in multiply-connected domain) Show that if f (z) is analytic in the shaded
region between and on the contours C,Cy,Cy (see the accompanying figure), then

/ f(z)dz = f(z)dz+ f(z)dz. (27)
C Cy Ca

You may use the result stated in Exercise 3. NOTE: More generally,

/f )dz = le z)dz + - / f(z (28)

if Cy,...,C, are non-intersecting counterclockwise closed contours within C, and f is analytic between and
on C,Cq,...,C,.
Solution

Shown in class.
9.Problem Evaluate the following integrals, where in each case C' is the circle |z| = 3, counterclockwise.
d
a) fC z(z—1)

d
) fC 2253§+2

Solution

(a)

}{ dz :]{ AN S S
z(z—1) z—1 z

zdz dz dz ' ‘ .
f ey = f o2 sog = w2 =i

23.4

3. Problem
Use the fundamental theorem to evaluate each of the following.

14i
) i
) [, "zsin z dz

3i

ze® dz

2
ze® dz



3
(i) f—zz“Z cos 2z dz
() ff—H cosh 3z dz
(k) f§ cos? 3?dz

() [ 2%e* dz

Solution

(a

4. Problem
Determine all possible values of

Solution Note that

is also true for complex numbers.

23.5

0 . 0 .
/ cos 3ods — [sm 32} _ _sin 32.
: 3|, 3

A
InA—InB=In—
n n ne

/1+i dZ /1+i dZ
1-i 2—1 1-i #
= [n(z~ D)5~ =),

i

= Ini—1In(—i) — (In(1 +14) + In(1 — 7))

- () ()
= In(~1) - In()
e

= In(i)

- (g+2m) i, n=0,41,42...

(29)

1. Problem Evaluate each integral, where C is the counterclockwise circle |z| = 3. Use Cauchy’s integral

formula or its extension.
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Solution
(a) I =2micos z|,—¢ = 2mi.

(d) Note that

SO

~
Il

f1<22_12 22—1z>

— —e* — —e* | dz
20\ z—1 z4+1

[mi(2 — 1)62]2:1, — [mi(z? = 1)e?]

mi(i? — 1)e' — wi((—i)? — 1)e™"

= —4misin 1.

z=—1

[ % sinh 3zdz +7{ sinh 3zdz
 Jo, Gz —0)?2 0 Jo, (2 40)2(2 —0)?

_ 2mi d sinh 3z 2mi d sinh 3z

S T GG iR T M d g
73cos 3 + sin 3) +27m,(i?ncos 3 + sin 3)

4 4 4 4

= mi(sin 3 — 3cos 3).

= 2mi(

where C is a little circle around z = i and Cs is a little circle around z = —i.

(j) Note that

R — P 9) z Mz) z
ﬁ(m)z(z_i)d igclz—z‘d *7{@ G+’
= 2mig(i) + 2mih/(7)

7 —1
CHER T

= 2m

= 0

2.
Problem (Important little integral) In Section 23.3 we show that

fiemoren {5 0770

(22 +1)

z

AAAA
=~
(=)
N

(43)
(44)

(45)
(46)



where n is any integer and « is within the contour C. Derive (2.1) using Cauchy’s theorem, the Cauchy
integral formula, and the generalized Cauchy integral formula.

Solution
If n > 0, I = 0 by the Cauchy’s theorem. If n = —1, I = 27i(1)|,—, = 2mi by the Cauchy’s integral formula.
Ifn < -1,

21 dvt

I = mm(mz:a =0.

3. Problem (a) Show from (22) that if C is a circle of radius p with center at z, f(z) is analytic inside and
on C, and M is the maximum value of |f(z)| on C, then

1) < 2
p’I’L

(b) (Liouwille’s theorem) Use (3.1) to prove Liouville’s theorem: If f is entire (i.e., analytic for all finite
z) and bounded for all z, then f is a constant.

(c) Since f(z) = sin z is entire and not a constant, it must not be bounded (according to Liouville’s theorem).
Demonstrate that, in fact, it is not bounded.

(d) (Fundamental theorem of algebra) Use Liouville’s theorem to prove the Fundamental theorem of
algebra: if P(z) is a polynomial function of z, of degree 1 or greater,

(3.1)

P(z) =a,z" + 12"+ ag (an #0)

then P(z) =0 has at least one root. HIN'T: Suppose that P(z) is nonzero everywhere. Then f(z) = 1/P(z)
is analytic everywhere and is bounded.

Solution

(a) According to eq.(22),

f™(a) = n 7{ (Zf(:))nﬂdz (3.2)

211
S0

E R e (33)
< ;’fwnﬂf dz] (3.4)
= 5 pn+1 P (3:5)
n!
- TM (3.6)

(b) Let n =1, then |f'(2)| < %. Because p can be arbitrarily large, it follows that f/(z) can be arbitrarily
small, i.e., f'(z) = 0 for each z so that f(z) is a constant.

(¢) For example, |sin yi| — oo as y — oo.

(d) Will be shown in class.



